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The spectral element method combines the geometric flexibility of finite elements with
the high accuracy of spectral methods, it becomes one of the most popular methods in
numerically solving PDE problems. It exhibits several favorable computational properties,
such as the property of tensor products, naturally diagonal mass matrices, and suitability
for parallel computation. In this paper, we propose and analyze:
1) a nodal triangular spectral element method for the Navier-Stokes (NS) equation;
2) a splitting/large time-step method for the Cahn-Hilliard (CH) equation;
3) a direction splitting/Legendre spectral method for solving the incompressible NS
equations.
Precisely, the paper contains three main parts:
Firstly, an unstructured nodal spectral element method for the NS equations is de-
veloped and analyzed. The novelties of the proposed method are two-fold: i) it makes
use of the rational approximation in a triangular domain. The existence and uniqueness
of the solution, together with an error estimate for the velocity, are proved. ii) an easy-
to-implement nodal basis is constructed for the efficient implementation of the method.
These new basis functions enjoy the fully tensorial product property, which is found only
in a tensor-produce domain, i.e., rectangle in the 2D space, it allows arbitrary triangu-
lar and tetrahedral mesh, affording greater flexibility in handling complex domains while
maintaining all essential features of the usual spectral element method. The details of the
implementation and some numerical examples are provided to validate the efficiency and
flexibility of the proposed method.
Secondly, we propose and analyze a class of fully discrete schemes for the CH equation
with Neumann boundary conditions arising from phase transition in materials science.
The methods combine large time-step splitting methods in time and spectral element
methods in space. We are particularly interested in analyzing a class of methods to split
the original CH equation into lower order equations. These lower order equations are
simpler and less computational expensive to treat. For the first-order splitting scheme,
the stability and convergence properties are investigated based on an energy method. It















and mass conservation properties hidden in the associated continuous problem. A rigorous
error estimate, together with numerical confirmation, is provided. Although not yet
rigorously proved, higher order schemes are also constructed and tested by a series of
numerical examples. At the end of this part, the proposed schemes are applied to the
phase field simulation.
Finally, we investigate a new numerical method for the incompressible NS equations.
The new method combines a Legendre spectral method for the spatial discretization and
a projection/direction splitting scheme for the temporal discretization. Precisely, based
on the rotational pressure correction projection method for the NS equations, a direction
splitting approach is furthermore applied to split the elliptic subproblems for the velocity
and for the pressure respectively, leading to a set of 1D problems. Then a Legendre
spectral method is used to discretize this set of 1D problems. Two cases are considered:
constant viscosity and variable viscosity. In the former case we prove the stability of the
overall scheme in the full discrete form, while in the variable viscosity case we establish
the stability of the semi-discrete problem without spatial discretization. Some numerical
tests are carried out to confirm the convergence and efficiency of the proposed method.
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(例如 [1–6])； (ii)基于特殊点的多项式逼近，比如Fekete点 (例如 [7–10])； (iii) 有理函数
逼近(例如 [11–13])。
在三角形上采用多项式逼近是由经典的结论(任何的光滑函数可由多项式逼近)启发
































第 一 节 引言




























有关CH方程的数值分析可见文献 [32–39]等。 [35,37–40]讨论有限元方法, 有限差分方法
的讨论可以参考文章 [41,42], He和Tang [43]提出并分析了空间傅立叶谱方法／时间大步长
法。

















= 0, x ∈ ∂Ω, 0 < t < T, (1-3)
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